The existence of modi ed group divisible designs with block size four is settled with a handful of possible exceptions.
Introduction
A group divisible design (GDD) is a triple (X; G; B) which satis es the following properties:
(1) G is a partition of a set X (of points) into subsets called groups, (2) B is a set of subsets of X (blocks) such that a group and a block contain at most one common point, (3) every pair of points from distinct groups occurs in a unique block.
The group-type (type) of the GDD is the multiset fjGj : G 2 Gg. We usually use an \exponential" notation to describe group-type: group-type g u 1 
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g us s indicates that there are u i groups of size g i for 1 i s. A pairwise balanced design (PBD) can be de ned as a GDD whose groups all have size 1 (in this case, the groups need not be speci ed).
A K-modi ed GDD (K-MGDD) of type a b is a set of ab points, equipped with a parallel class of blocks of size a, a parallel class of blocks of size b, and every block in the rst parallel class meeting every block of the second; all other blocks having sizes in the set K, so that every unordered pair of points occurs together in exactly one block. As with GDDs, when K = fkg, we denote the K-MGDD by k-MGDD.
An incomplete group divisible design with block sizes from K is a quadruple (V; G; H; B) where V is a nite set of cardinality v, G = (G 1 ; G 2 ; : : : ; G s ) is a partition of V , H = fH 1 ; : : :; H t g is a set of disjoint subsets of V (the G i s are groups and H j s are holes), and B is a family of subsets of V (blocks) with the properties:
(1) Any pair of distinct elements of V which occurs together in a group or a hole does not occur in any block. (2) Each other pair of distinct elements from V occurs in exactly in one block. Let H ij = G i \ H j , and h ij = jH ij j. The IGDD has type (g 1 ; h 11 ; h 12 ; : : :; h 1t ) a 1 (g 2 ; h 21 ; h 22 ; : : : ; h 2t ) a 2 : : :(g r ; h r1 ; h r2 ; : : :; h rt ) ar when it has a i groups of size g i with sizes h i1 ; h i2 ; : : :; h it of intersections with the t holes.
If we remove one or more subdesigns from a TD(k; v), we obtain a transversal design with holes. In the case of one hole, it is an incomplete transversal design (ITD). More formally, an ITD, denoted by TD(k; m)?TD(k; n), is a quadruple (X; Y; G; B), where X is a set of km points, G = fG 1 ; G 2 ; : : : ; G k g is a partition of X into k groups of m points each, Y X is a set of kn points such that jY \G j j = n for 1 j k, and B is a set of subsets (blocks) of X, each of which intersects each group in exactly one point, and such that every pair of points fx; yg from distinct groups is either in Y or occurs in a unique block but not both. The set Y is a hole.
A k-HTD (holey transversal design with block size k) of type fu i : 1 i rg is a structure (X; fY i g 1 i r ; G; B) where X is a km-set (of points), G = fG 1 ; G 2 ; : : : ; G k g is a partition of X into k groups of m points each, fY 1 ; Y 2 ; : : :; Y r g is a partition of X into r holes, each hole Y i (1 i r) is a set of ku i points such that jY i \ G j j = u i for 1 j k, and B is a collection of subsets of X (blocks), each meeting each group in exactly one point, and such that no block contains two distinct points of any group or any hole, but any other pair of points of X is contained in exactly one block of B.
The existence of modi ed group divisible designs has been studied by Assaf 3] and Assaf and Wei 4] . They have applications in constructing various types of combinatorial objects 2, 8] . The existence of modi ed group divisible designs with block size three has been completely settled in 3]. In 4], the following result is proved. Let E = ff10,8g, f10,15g, f10,18g, f10,23g, f19,11g, f19,12g, f19,14g, f19,15g, f19,18g, f19,23gg. Theorem 1.1 If m; n 6 = 6, then a 4-MGDD of type m n exists if and only if (m ? 1)(n ? 1) 0 (mod 3) with the possible exception of fm; ng 2 E.
The case when one of the m or n takes on the value six, except for some small cases, was left open, mainly due to the nonexistence of a 4-MGDD of type 6 4 . We address the existence of 4-MGDDs of type 6 n . We develop some new constructions for MGDDs to settle this with few possible exceptions. We then settle the existence of 4-MGDDs with index greater than one completely.
Main Constructions
Before we proceed, we need some direct constructions. There is a 4-IGDD of type (36; 6; 6; 6; 6; 6; 6) 4 , which is a holey transversal design TD(4; 36) ? 6TD(4; 6) 1]. Place this 4-IGDD on the points fa; b; c; dg Z 6 Z 6 , with holes on fa; b; c; dg fig Z 6 for i 2 Z 6 and groups on fxg Z 6 Z 6 for x 2 fa; b; c; dg. For x 2 fa; b; c; dg, place a 4-MGDD of type 6 7 on (fxg Z 6 Z 6 ) (f1g Z 6 ), aligning the parallel class of blocks of size seven on (fxg fjg Z 6 ) (f1g fjg) for j 2 Z 6 , and the parallel class of blocks of size six on fxg Z 6 fjg for j 2 Z 6 together with the block f1g Z 6 . Omit the blocks of size seven in this placement (each appears within one of the nal blocks of size 25). For every block B of size seven in the original TD(7; m) containing the point s 0 , we put a 4-MGDD of type 6 7 on B I 6 so that the blocks of size six align on (B n fs 0 g) fig for i 2 I 6 , and the block fs 0 g I 6 , and the blocks of size seven align on (fx j g I 6 ) (fs 0 g fjg) where x j 2 B \G j for j 2 I 6 . Omit the blocks of size seven in each placement, as each contains points of a block of size 6m+3a+1.
For every other block B 2 B of size seven in the truncated TD(7; m), put a 4-IGDD of type (9; 3) 6 on ((B n fs i g) I 6 ) (fs i g I 3 I 6 ) so that the hole aligns on fs i g I 3 I 6 and the groups align on (fa i g I 6 ) (fs i g I 3 Proof: There exist 4-HTDs of type 7 6 and 10 6 1]; these are 4-IGDDs of types (42; 7; 7; 7; 7; 7; 7) 4 and (60; 10; 10; 10; 10; 10; 10) 4 , respectively. Apply Lemma 2.8.
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Proof: Start with a 3-GDD of type 6 6 , whose blocks can be partitioned into frame parallel classes 10]. Give weight 4 using a resolvable 3-MGDD of type 3 4 , and extend the resulting parallel classes to get a 4-IGDD of type (6 4 9 1 ) Proof: Give weight nine to all points in a block of a TD(6,7), and give weight six to all other points. Append a new column of six points. Take a parallel class of blocks of size six including the block in which all points have weight nine. For every block in the parallel class, put a 4-MGDD of type (k + 1) 6 (k = 6; 9) on the corresponding points together with the new adjoined points. For every other block, put a 4-GDD of type 6 6 or 6 5 
With these lemmas, we can restate the theorem.
Let F = ff6; 16g; f6; 22g; f10; 15g; f10; 18gg. 
Index Greater Than One
The de nitions at the outset can all be generalized to require each pair not in a group together (or not in a hole together, or not in a block of one of the distinguished parallel classes together) to appear in exactly blocks. In this case, we obtain various classes of designs with index . When = 1, we recover the de nitions of the preceding sections.
In this section, we examine the existence of 4-MGDDs with index greater than one. Simple counting establishes that for a 4-MGDD of type m n and index to exist, one requires that (m ? 1)(n ? 1) 0 (mod 3) and m; n 4. Hence when 0 (mod 3), the basic necessary condition reduces to m; n 4. When 6 0 (mod 3), the basic necessary condition is the same as for index one. Now the union of two 4-MGDDs of type m n , one of index 1 and the other of index 2 , is a 4-MGDD of type m n and index 1 + 2 . Hence it su ces to examine cases with 2 f2; 3g when the 4-MGDD of index one and type m n is nonexistent or unknown although the basic necessary condition is met, and cases with = 3 when m; n 0; 2 (mod 3) and m; n 4. First we treat the cases with = 3. Theorem 3.5 A 4-MGDD of index 3 and type n m exists whenever n; m 4. Proof: If m; n 6 2 S, apply Lemma 3.1. If m 2 Snf6g, apply Lemma 3.2 using the PBDs from Lemma 3.3. This handles all cases except when n = 6, or m 2 f10; 11g and n 2 f15; 18g. When n 2 f15; 18g and m 2 f6; 10; 11g, but (n; m) 6 = (18; 6), the cases are treated by using m 2 f15; 18g in Lemma 3.2. When m = 6 and n 2 f7; 10; 19g, triplicate a 4-MGDD of index one. The remaining cases arise when m = 6, and these are treated in Lemma 3.4.
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Now we turn to index 2. The only cases to treat are those missing when = 1.
For types 10 15 and 10 18 , employ a f4g-PBD of order 10 and index 2 together with a 4-MGDD of type 4 15 or 4 18 .
For 6 4 , the point set is (Z 5 f1g) f0; 1; 2; 3g. Base blocks are: f (1,0),(i,1),(2i,2),(3i,3)g, f(0,0),(1,1),(2i,2),(3i,3)g, f(0,0),(i,1),(1,2),(3i,3) Putting the pieces together, we obtain: Theorem 3.6 A 4-MGDD of type n m and index exists whenever (m ? 1)(n ? 1) 0 (mod 3) and m; n 4, except when = 1 and fm; ng = f6; 4g, and possibly when = 1 and fm; ng 2 ff6; 16g; f6; 22g; f10; 15g; f10; 18gg.
